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We first define the notion of good filtration dimension and Weyl filtration
dimension in a quasi-hereditary algebra. We calculate these dimensions explicitly
for all irreducible modules in SL and SL . We use these to show that the global2 3
dimension of a Schur algebra for GL and GL is twice the good filtration2 3
Ž .dimension. To do this for SL , we give an explicit filtration of the modules   by3
Ž .F Ž .modules of the form    L  where  is a dominant weight and  is
p-restricted.  2001 Academic Press
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INTRODUCTION AND BACKGROUND
Ž .The global dimension of a q-Schur algebra S n, r has been determinedq
  Ž .when r n. This was calculated by Totaro 21 for the classical case and
  Ž .Donkin 11 for the quantum case . In general the global dimension of
Ž .S n, r is not known, although we do have upper bounds for this value,q
Ž   .see 21 for more details . In this paper we will calculate explicitly the
Ž .global dimension of S n, r for n 2 and n 3. We also find the global
Ž .dimension of S 2, r .q
We first briefly review some of the notation and definitions that we will
 use in this paper. The reader is referred to 11, 17 for further information.
Ž .We let G SL k where k is an algebraically closed field of characteris-n
tic p and F :GG the corresponding Frobenius morphism. We let G1
be the first Frobenius kernel. Let T be a maximal torus of G, W the
Ž .corresponding Weyl group, and B T a Borel subgroup. Let X X T
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be the weight lattice and let X	 be the set of dominant weights. Let X1
be the set of p-restricted dominant weights and A the set of weights in0
the interior of the fundamental alcove.
For 
 X	, let k be the one-dimensional module for B which has
Ž . GŽ .weight . We define    Ind k . This module has character given byB 
Ž .Weyl’s character formula and has simple socle L  , the irreducible
G-module of highest weight .
Ž .We define S n, r to be the Schur algebra corresponding to GL andn
	Ž . n, r to be the set of partitions of r with at most n parts. Modules for
Ž .S n, r are naturally polynomial modules for GL which are homogeneousn
Ž .of degree r. An irreducible module for S n, r is also an irreducible
	Ž .module for GL and corresponds to an element of  n, r . We writen
Ž . Ž .L a , . . . , a for the irreducible module of highest weight a , . . . , a 
1 n 1 n
	Ž .   n, r . More details can be found in 14, Chap. 2 . We have a natural
Ž .correspondence between weights for S n, r -modules and SL -modulesn
given by
  ,  , . . . ,      ,    , . . . ,    .Ž . Ž .1 2 n 1 2 2 3 n1 n
The usual partial ordering on SL -weights is equivalent by the aboven
correspondence to the dominance ordering on partitions.
The category of rational G-modules has enough injectives and so we
Ž .may define Ext* , as usual by using injective resolutions. We have a
Ž .  canonical isomorphism for all S n, r -modules 8, 2.2d
Ext i V ,W  Ext i V ,W  Ext i V ,W .Ž . Ž . Ž .SŽn , r . GL SLn n
Ž .Thus we may do all Ext calculations in mod G .
1. QUASI-HEREDITARY ALGEBRAS
We start with the definition of a highest weight category given by Cline
 et al. 1 .
DEFINITION 1.1. Let k be a field, S a finite dimensional algebra over k,
 an indexing set for the isomorphism classes of simple S-modules with a
Ž . Ž .correspondence  L  , and  a partial order on . We say S,  is a
highest weight category if and only if, for all 
 there is a left S-module
Ž .  , called the costandard module, such that:
Ž . Ž . Ž .i there exists an injection  : L     , and the composition
Ž .factors, L  of the cokernel satisfy  
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Ž . Ž . Ž . Ž .ii the indecomposable injective hull, I  , of L  contains  
Ž . Ž .via the injection  :   I  and the cokernel of  is filtered by 
Ž .modules   with  .
Ž .Dually we have 	  as standard modules by replacing injective by
projective and cokernel by kernel in the above definition. Thus the
Ž . Ž . Žstandard modules 	  have simple head L  . We will assume that S is
Ž . .Schurian in the sense that End L  k for all simple modules L.S
A highest weight category is equivalent to the module category for a
quasi-hereditary algebra although we will not show this here. See 11,
Appendix; 18 for details.
Ž .We say X
mod S has a good filtration if it has a filtration
0 X  X  


  X  X0 1 i
Ž .with quotients X X isomorphic to   for some  
. We denotej j1 j j
Ž .the class of S-modules with good filtration F  , and dually the class of
Ž . Ž . Ž .modules filtered by 	  ’s as F 	 . We will say that X
 F 	 has a Weyl
Ž . Ž .filtration. The multiplicity of   in a filtration of X
 F  is indepen-
Ž Ž ..dent of the filtration chosen. This multiplicity is denoted by X :  and
Ž . Ž .the composition multiplicity of L  in X
mod S is denoted by
 Ž .X : L  .
 We state some of the results that we will need from 11, Appendix A .
Ž . Ž . 1Ž Ž ..PROPOSITION 1.2. i Let X
mod S and 
. If Ext X, 
Ž . 0 then X has a composition factor L  with  .
Ž . Ž . Ž . iŽ .ii For X
 F 	 , Y
 F  , and i 0, we hae Ext X, Y  0.
Ž . 1Ž Ž . . Ž .iii Suppose Ext 	  , M  0 for all 
. Then M
 F  .
Ž . Ž . Ž Ž ..iv Let X
 F  resp. X
 F 	 and Y be a direct summand of X.
Ž . Ž Ž ..Then Y
 F  resp. Y
 F 	 .
 Proof. See 11, A2.2 .
2. GOOD FILTRATION, WEYL, AND GLOBAL DIMENSIONS
Ž .In this section S is a quasi-hereditary algebra with poset , .
Ž . Ž .Suppose X
mod S . We can resolve X by modules M 
 F  asi
0 XM M  


 M  0.0 1 d
We call such a resolution a good resolution for X. Good resolutions exist
for all S-modules as an injective resolution is also a good resolution.
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Ž .DEFINITION 2.1. Let X
mod S . We say X has good filtration dimen-
Ž .sion d, denoted gfd X  d, if the following two equivalent conditions
hold:
Ž .i 0 XM M  


 M  0 is a resolution for X with0 1 d
Ž .M 
 F  , of shortest possible length.i
Ž . iŽ Ž . .ii Ext 	  , X  0 for all i d and all 
, but there exists
dŽ Ž . .
 such that Ext 	  , X  0.
 Proof. See 13, Proposition 3.4 .
Similarly we have the dual notion of the Weyl filtration dimension of M
Ž .which we will denote wfd M .
LEMMA 2.2. Gien S-modules M and N, we hae
Ext i N , M  0 for i wfd N 	 gfd M .Ž . Ž . Ž .
Ž . Ž .Proof. We proceed by induction on wfd N 	 gfd M . If either of
Ž . Ž .wfd N  0 or gfd M  0 then we are done by the definition of good
filtration dimension and Weyl filtration dimension, so we may assume that
Ž . Ž . Ž .both wfd N and gfd M are non-zero. Now we can embed M in A
 F 
with quotient B. The exact sequence gives us



  Ext i1 N , B  Ext i N , M  Ext i N , A  


 .Ž . Ž . Ž .
iŽ . Ž . i1Ž .Now Ext N, A  0 if i wfd N . Also Ext N, B  0 as i 1
Ž . Ž . Žwfd N 	 gfd B by induction. B has strictly smaller good filtration
i. Ž .dimension than M. Hence Ext N, M  0.
 Ž . Ž .4DEFINITION 2.3. Let g sup gfd X  X
mod S . We say S has
Ž .good filtration dimension g and denote this by gfd S  g. Let w
 Ž . Ž .4sup wfd X  X
mod S . We say S has Weyl filtration dimension w and
Ž .denote this by wfd S  w.
Ž .Remark. In general gfd S is not the good filtration dimension of S
Ž .when considered as its own left or right module. Similar remarks apply to
Ž . Ž . Ž .wfd S . We will only use gfd S and wfd S in the sense that they are
defined above.
For a finite dimensional k-algebra S, the injectie dimension of an
S-module M is the length of a shortest possible injective resolution and is
Ž .denoted by inj M . Equivalently we have
inj M  sup d  Ext d N , M  0 for N
mod S . 4Ž . Ž . Ž .
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The global dimension of S is the supremum of all the injective dimensions
Ž .for S-modules and is denoted by glob S . This is equivalent to
glob S  sup d  Ext d N , M  0 for N , M
mod S . 4Ž . Ž . Ž .
COROLLARY 2.4. The global dimension of S has an upper bound of
Ž . Ž .wfd S 	 gfd S .
Now suppose S is a quasi-hereditary algebra with contravariant duality
preserving simples. That is, there exists an involutory, contravariant func-
Ž . Ž . Ž . Ž . Ž iŽ .tor  : mod S mod S such that 	     and Ext M, N 
iŽ ..Ext N, M . We will usually shorten this and say S has a simple
preserving duality.
ŽRemark. It is clear given the equivalences in the definition for the
.good filtration dimension that for S with simple preserving duality and M
Ž . Ž .an S-module we have wfd M  gfd M . We will use this without further
comment.
	Ž .Schur algebras are quasi-hereditary with poset  n, r ordered
 by dominance 8, 2.2h . The costandard modules correspond to the
Ž .GL -modules   . Schur algebras also have a simple preserving duality;n
 Ž . see 11, Remark ii following Lemma 4.1.3 . The rest of this paper is
Ž Ž .. Ž Ž .. Ž Ž ..devoted to calculating gfd S 2, r , glob S 2, r , gfd S 3, r , andq q
Ž Ž ..glob S 3, r explicitly.
In all these cases we need the following technical lemma.
LEMMA 2.5. Suppose we hae a short exact sequence of S-modules
0 A B C 0.
Ž . Ž . Ž . Ž . Ž . Ž .i If gfd B  gfd C then gfd A  gfd B . Furthermore if gfd B
Ž . gfd C 	 1 then for all S-modules M we hae
ExtwfdŽM .	gfdŽ A. M , A  ExtwfdŽM .	gfdŽB . M , B .Ž . Ž .
Ž . Ž . Ž . Ž . Ž .ii If gfd B  gfd C then gfd A  gfd C 	 1. Furthermore for
all S-modules M we hae
ExtwfdŽM .	gfdŽ A. M , A  ExtwfdŽM .	gfdŽC . M ,C .Ž . Ž .
Ž . Ž .Proof. We consider i ; the proof of ii is similar. The long exact
sequence corresponding to the short exact sequence gives us
gfd B max gfd A , gfd C and gfd A max gfd B , gfd C 	 1 . 4  4Ž . Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž . Ž .So if gfd B  gfd C then gfd B  gfd A . If furthermore gfd B 
Ž .gfd C 	 1 then for all S-modules M we have
ExtwfdŽM .	gfdŽ A. M , A  ExtwfdŽM .	gfdŽB . M , BŽ . Ž .
using Lemma 2.2 and the long exact sequence.
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LEMMA 2.6. Suppose S is a quasi-hereditary algebra with simple presering
Ž Ž .. 2Ž Ž . Ž ..duality  and 
  with gfd L   1. Then Ext L  , L  
Ž . Ž . Ž .Hom Q,Q  0, where Q   L  .
Proof. We have a short exact sequence
0Q 	   L   0.Ž . Ž .
2Ž Ž . Ž .. 1Ž Ž ..Dimension shifting gives us Ext L  , L   Ext Q, L  . Now
Ž Ž .. Ž Ž .. Ž .Hom Q, L  Hom Q,   0 as L  is not a composition factor
1Ž Ž .. Ž .of Q. So another dimension shift gives us Ext Q, L  Hom Q,Q .
We can map simple modules in the head of Q to the socle of Q, so
Ž .Hom Q,Q  0 and we are done.
3. THE SL CASE2
In this section we focus on SL . We will identify a block of a Schur2
algebra with the highest weights of the irreducibles that belong to the
block.
Suppose 
 X	 and write  p 	  with  
 X	 and  
 X .1 0 1 0 1
Ž . Ž .F Ž . Ž . Ž .F Ž .We define       L  , and 	   	   L  . It isp 1 0 p 1 0
Ž . Ž Ž ..clear that    	  . These modules will play an important role inp p
Ž . 	what follows. We define hw M to be the set of weights 
 X with
Ž . 	L  a composition factor of M such that there is no 
 X with  
Ž .and L  a composition factor of M.
We now note a sequence, first remarked upon by Jantzen in 16,
 Remark 2 following Theorem 3.8 and proved by Xanthopoulos in 23,
Proposition 6.1.1 which we will use repeatedly in this section.
LEMMA 3.1. We hae for r 1 and 0 a p 2 a short exact se-
quence
F F0  a   r   pr	 a   p a 2   r 1  0.Ž . Ž . Ž . Ž . Ž .
Ž . Ž .F Ž .If a p 1 then  a   r   pr	 a .
Ž .We write r r 	 pr where 0 r  p. If  r then we define0 1 0
Ž .g   r .1
Ž . Ž . 	Ž .We denote the block of S n, r containing a , a , . . . , a 
 n, r by1 2 n
Ž . Ž . Ž .B a , a , . . . , a . For n 2, B a , a is totally ordered. A block B a , a1 2 n 1 2 1 2
Ž .is defined to be primitive if a  a 1 mod p . We say a weight1 2
Ž . 	 r 
 X is primitive if r  p 1.0
Ž . Ž .LEMMA 3.2. Suppose  is primitie and Q is the quotient   L  .p
Ž Ž .. Ž . Ž .Then g hw Q  g   2 with g  as defined aboe.
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Proof. We write  r pr 	 r and r  pr 	 r with 0 r  p1 0 1 1 0 0
 Ž . Ž .F Ž .and 0 r  p. Then L   L r  L r by Steinberg’s tensor product0 1 0
Ž .F Ž . Ž . Ž .theorem and so Q Q  L r where Q is the quotient  r L r .0 1 1
 Ž . Ž   .It is clear using Lemma 3.1 that  r : L pr  r  2  0. We have1 1 0
 Ž . Ž .Q : L r  0. Also the first weight in the G-block of r smaller than1 1
Ž . Ž   .   Ž . Ž  r is pr  r  2 using 9, Main Theorem . Hence hw Q  pr  r1 1 0 1 0
. Ž . Ž   . Ž . Ž Ž  . . 2 . Thus hw Q  p pr  r  2 	 r  p r  2 r  2 	 r .1 0 0 1 0 0
Ž Ž .. Ž .Thus g hw Q  r  2 r  2 g   2 as required.1 0
Ž Ž .. Ž .The next theorem shows that gfd L   g  . The following lemma
forms part of the inductive step.
	 Ž . Ž Ž .. Ž Ž ..LEMMA 3.3. Let 
 X and suppose g   gfd L   gfd  p
Ž Ž .. Ž . Ž Ž .. Ž Ž ..for all   and gfd    g  . Then gfd L   gdf   . Further-p p
more
Ext2 gfdŽLŽ.. L  , L   Ext2 gfdŽLŽ.. 	  ,  .Ž . Ž . Ž . Ž .Ž . Ž .p p
Proof. We have a short exact sequence
0 L     Q 0.Ž . Ž .p
Ž Ž .. Ž . Ž .Lemma 3.2 gives us gfd    gfd Q 	 1, as gfd Q is at most thep
maximum of the good filtration dimensions of its composition factors. The
Ž . Ž .lemma now follows by Lemma 2.5 part i applied twice .
THEOREM 3.4. Suppose r r 	 pr with 0 r  p 2. Then0 1 0
Fgfd  r  L r  gfd L r  rŽ . Ž . Ž .Ž .Ž .1 0 1
and
Ext2 r1 L r , L r  Ext2 r1 	 r , r  k .Ž . Ž . Ž . Ž .Ž . Ž .p p
Ž .Proof. We proceed by induction on r . For r  0 we have L r 1 1 0
Ž . Ž Ž .. Ž . Ž .F Ž . r and so gfd L r  0. For r  1 we have L r   r   r0 0 1 1 0
and a non-split short exact sequence
0 L r   r   p r  2  0.Ž . Ž . Ž .0
Ž Ž ..Thus gfd L r  1 by Lemma 2.6. This lemma also gives us
Ext2 L r , L r Hom L p r  2 , L p r  2  k .Ž . Ž . Ž . Ž .Ž . Ž .0 0
Ž Ž .FWe now suppose that r  2. Since by induction gfd  r  1 1 1
Ž ..L p r  2  r  1 1, applying Lemma 2.5 to the short exact se-0 1
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Ž Ž .F Ž ..quence from Lemma 3.1 we have gfd  r  L r  r . By Lemma 3.31 0 1
Ž Ž .. Ž Ž ..and induction we have gfd L r  gfd  r  r .p 1
2 r1Ž Ž . Ž .. 2 r12 Ž Ž . ŽWe also have Ext 	 r , r  Ext 	 pr  r  2 , prp p p 1 0 p 1
.. Ž . r  2 by Lemma 2.5 part ii and Lemma 3.1. But by induction this is0
isomorphic to k. Lemma 3.3 then completes the proof.
COROLLARY 3.5. Suppose r is not primitie and write r pdr 	 pd 11
	 Ž . Ž Ž .. Ž Ž ..for some d
 with r 1 mod p . Then gfd L r  gfd L r and1 1
Ext2 gfdŽLŽ r .. L r , L r  k .Ž . Ž .Ž .
  Ž .Proof. We have by 9, Sect. 4, Theorem that B r, 0 is Morita equiva-
Ž . Ž .lent to B r , 0 in S 2, r with r primitive and the result follows.1 1 1
Ž . 	Ž . d	1COROLLARY 3.6. Gien a , a 
 2, r , we write a  a  p c1 2 1 2 1
d d Ž Ž ..	 p c 	 p  1 with d
 and 0 c  p 2. Then gfd L a , a  c0 0 1 2 1
Ž . Ž . Ž .where L a , a is the irreducible module of highest weight a , a for S 2, r .1 2 1 2
Moreoer
Ext2 c1 L a , a , L a , a  k .Ž . Ž .Ž .SŽ2 , r . 1 2 1 2
Proof. Now Theorem 3.4 and Corollary 3.5 give us
Ext i 	 b , b , L a , a  Ext i 	 b  b , L a  a  0Ž . Ž . Ž . Ž .Ž . Ž .SŽ2 , r . 1 2 1 2 G 1 2 1 2
Ž Ž ..if i c and so we have gfd L a , a  c . We also have1 1 2 1
Ext2 c1 L a , a , L a , a  Ext2 c1 L a  a , L a  a  k .Ž . Ž . Ž . Ž .Ž . Ž .SŽ2 , r . 1 2 1 2 G 1 2 1 2
Ž Ž .. Ž Ž ..Thus Lemma 2.2 gives us wfd L a , a 	 gfd L a , a  2c . But1 2 1 2 1
Ž Ž .. Ž Ž .. Ž Ž ..wfd L a , a  gfd L a , a , and so we have gfd L a , a  c , as1 2 1 2 1 2 1
required.
Ž .THEOREM 3.7. The global dimension of S 2, r is twice its good filtration
dimension and is gien as
r if r is een rfor p2, glob S 2, r Ž .Ž . 2 if r is odd 4
r
for p3, glob S 2, r  2 .Ž .Ž .
p
	Ž . Ž .Proof. If r is even then  2, r consists of all partitions a, b of r
whose differences a b are all even numbers less than r. If r is odd then
	Ž . Ž . 2, r consists of all partitions a, b of r whose differences a b are all
odd numbers less than r.
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Ž .We let S S 2, r . Using Corollary 2.4 and simple preserving duality we
Ž . Ž .know glob S  2 gfd S . We also have
gfd S max gfd L a , a  a , a 
	 2, r . 4Ž . Ž . Ž . Ž .Ž .1 2 1 2
But Corollary 3.6 gives us
glob S  2max gfd L a , a  a , a 
	 2, r . 4Ž . Ž . Ž . Ž .Ž .1 2 1 2
Ž . Ž .Hence glob S  2 gfd S .
 Using the main theorem in 9 we have for p 2 and r even that
r	Ž . Ž . Ž .B r, 0  2, r is primitive so glob S  2  r, as all other simple2
	Ž .modules corresponding to weights in  2, r have smaller or equal good
Ž . Ž .filtration dimension to that of L r, 0 . For p 2 and r odd, B r, 0 is not
primitive. We write r 2 dr 	 2 d 1 for some d
 and r even. If1 1
	Ž .d 1 then all other simple modules corresponding to weights in  2, r
Ž .have smaller or equal good filtration dimension to that of L r, 0 , so
rŽ .   Ž .glob S  r  2 . If d 2 then we consider r  r 2 so r 	 1, 1 
1 4
	Ž . Ž d1Ž .. d1Ž . 2, r . We have r  2 2 r  2 	 1 with 2 r  2 even, so1 1
r 3 rd1Ž Ž .. Ž Ž .. Ž .  glob B r 	 1, 1  glob B r , 0  2 r  2   2 .1 2 4
rŽ .  For p 3 and r primitive then glob S  2 r  2 , as all other simple1 p
	Ž .modules corresponding to weights in  2, r have smaller or equal good
Ž . dfiltration dimension to that of L r, 0 . If r is not primitive then r p r 	1
d Ž .p  1 for some d
 and r 1 mod p . Consider r  r 2. Then1
r  r	Ž . Ž . Ž .    r 	 1, 1 
 2, r is primitive and so glob S  2  .p p
Ž .We now consider the quantum version of the Schur algebra S n, r withq
0 q
 k. This is a deformation of the classical Schur algebra with
 parameter q. See the introduction of 11 for the basic properties of
Ž . Ž .S n, r . When q 1 then S n, r is just the classical Schur algebra. If qq q
Ž .is not a root of unity then S n, r is semi-simple. We will consider theq
case where q is a primitive lth root of unity with l 2.
We now show that the argument above generalises to the quantum case.
To do this we need the appropriate quantum versions of the results used
above. We will be using the DipperDonkin quantum group q-GL n
 defined in 6 .
Ž . 	Ž .Now we know that S n, r is quasi-hereditary with poset  n, r byq
 Ž . Ž .10, Sect. 4, 6 . We also have the property for all S n, r -modules V andq
W that
Ext i V ,W  Ext i V ,WŽ . Ž .S Žn , r . q -GLq n
 Ž . Ž .  by 10, Sect. 4, 5 . The blocks of S n, r were determined in 2 . We alsoq
Ž .know that all blocks of S n, r are Morita equivalent to a block ofq
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Ž .  S n, r  with r  primitive by 5, Lemma 6.10 . We have a quantumq
Ž .Frobenius morphism F : q-GL GL k . Some of the other basic prop-n n
 erties of q-GL -modules appear in 11, Chap. 3 including a proof of then
quantum version of Steinberg’s tensor product theorem. Suppose we write
Ž . l 	  with  l-restricted and  dominant. We define   1 0 0 1 l
FŽ . Ž . Ž .   L  , where   is the classical module in characteristic p.1 0 1
We now let n 2. The generalisation of Lemma 3.1 appears in 3,
Proposition 3.1 . Moreover all it does is to replace p with l. Thus Lemmas
3.2 and 3.3 will carry through unchanged. Theorem 3.4 and Corollary 3.6
now generalise to give:
THEOREM 3.8. Suppose r r 	 lr with 0 r  l 2. Then0 1 0
Fgfd  r , 0  L r , 0  gfd L r , 0  r ,Ž . Ž . Ž .Ž .Ž .1 0 1
and
Ext2 r1 L r , 0 , L r , 0  Ext2 r1 	 r , 0 , r , 0  k .Ž . Ž . Ž . Ž .Ž . Ž .l l
 Also we can use 5, Lemma 6.10 and the classical result Theorem 3.4 to
Ž .give the good filtration dimension of L  for  non-primitive, so we have
the following corollary.
COROLLARY 3.9. Suppose r is not primitie. So r lpd1r 	 lpd1 11
	 Ž . Ž Ž .. Ž Ž ..for some d
 and r 1 mod p . Then gfd L r, 0  gfd L r , 01 1
r1  andp
Ext2 gfdŽLŽ r , 0.. L r , 0 , L r , 0  k ,Ž . Ž .Ž .
Ž . Ž . Ž .where L r , 0 is the irreducible S 2, r -module of highest weight r , 0 .1 1 1
We now have the following theorem for the quantum case.
Ž .THEOREM 3.10. The global dimension of S 2, r is twice its good filtra-q
tion dimension and is gien as
r if r is een
for l2, glob S 2, r Ž . rŽ .q ½ 2 if r is odd2 p
rfor l3, glob S 2, r  2 .Ž .  Ž .q l
Proof. The argument is very similar to that of Theorem 3.7.
ALISON E. PARKER350
4. SOME FILTRATIONS FOR SL3
Ž .In this section we obtain a filtration of the modules   for SL by3
Ž .F Ž . 	modules of the form    L  with 
 X and 
 X . We call1
such a filtration a good p-filtration. Throughout this section G SL . We3
start by proving some lemmas about extensions between two modules
Ž . Ž .  and   .p p
Given a rational G-module V, we have a five term exact sequence,
GG1 G 1 1 110H GG ,V H G ,V H G ,VŽ . Ž .Ž .1 1
H 2 GG ,V G1 H 2 G ,V .Ž .Ž .1
This is the LyndonHochschildSerre sequence for G and G . A G-1
module W which is trivial as a G -module is of the form V F for some1
G-module V which is unique up to isomorphism. We define W Ž1. V. If
i Ž .W and V are G-modules then Ext W,V has a natural structure as aG1
G-module. Moreover when W and V are finite dimensional we have
Ext i W ,V Y F  Ext i W ,V  Y F 1Ž . Ž . Ž .G G1 1
as G-modules. If HG or G then we have1
Ext i W ,V  Ext i V *,W *  Ext i k ,W * V H i H ,W * V ,Ž . Ž . Ž . Ž .H H H
2Ž .
Ž . Ž .where * is the ordinary dual. We have  a, b * 	 b, a . We also note
Ž F .GG1 G iŽ F . iŽ .that V  V , and H GG ,V H G,V .1
In the following sections we make repeated use of a proposition proved
in the Ph.D. thesis of Yehia. We reproduce his results here for the
convenience of the reader.
1 Ž Ž . Ž ..PROPOSITION 4.1. The non-zero Ext L  , L  for  , 
 X areG 11
gien by the following tables.
Ž . Ž .i For r, s 
 X with r	 s p 2, we hae1
Ž . Ž . Ž .,  r, s p 1, r s, p 1
F FŽ . Ž . Ž .r, s 0  0, 1  1, 0
FŽ . Ž .p 1, r  1, 0 0 0
FŽ . Ž .s, p 1  0, 1 0 0
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Ž . Ž .ii For r, s 
 A and p 5, we hae0
Ž . Ž . Ž .,  p s 2, p r 2 r	 s	 1, p s 2 p r 2, r	 s	 1
F FŽ . Ž . Ž .r, s k  0, 1  1, 0
Ž . Ž . Ž .,  r, s s, p r s 3 p r s 3, r
F FŽ . Ž . Ž .p s 2, p r 2 k  0, 1  1, 0
If p 3 then all the entries in the two tables aboe are replaced by k
Ž .F Ž .F 0, 1   1, 0 .
 Proof. See 24, Proposition 3.3.2 .
LEMMA 4.2. For , 
 X	 and  , 
 X we hae1
F F1Ext    L  ,   L Ž . Ž . Ž . Ž .Ž .G
 1Ext   ,  if   ,Ž . Ž .Ž .G Ž .11Hom   ,   Ext L  , L  otherwise.Ž . Ž . Ž . Ž .Ž .ž /G G1
Ž .Proof. Case i .    . We know by Proposition 4.1 that
1 Ž Ž . Ž .. Ž . Ž .Ext L  , L   0, so by 1 and 2 we haveG1
GG1F F1H G , 	 *     L   L *  0.Ž . Ž . Ž . Ž .Ž .ž /1
Ž .Thus 2 and the five term exact sequence give us
F F1Ext    L  ,   L Ž . Ž . Ž . Ž .Ž .G
F F1H G , 	 *     L   L *Ž . Ž . Ž . Ž .Ž .
G1F F1H GG , 	 *     L   L * .Ž . Ž . Ž . Ž .Ž .1ž /
But   so
G1F F F F
	 *     L   L *  	 *    .Ž . Ž . Ž . Ž . Ž . Ž .Ž .
and hence
F F F F1 1Ext    L  ,   L  H GG , 	 *   Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .G 1
H 1 G , 	 *   Ž . Ž .Ž .
 Ext1   , Ž . Ž .Ž .G
as required.
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Ž .Case ii .  . We have
F F1Ext    L  ,   L Ž . Ž . Ž . Ž .Ž .G
F F1H G , 	 *     L   L * .Ž . Ž . Ž . Ž .Ž .
In this case
G1F F
	 *     L   L *  0Ž . Ž . Ž . Ž .Ž .
Ž . Ž .as L   L * has no G fixed points. So by the five term exact1
sequence we have
F F1Ext    L  ,   L Ž . Ž . Ž . Ž .Ž .G
GG1F F1 H G , 	 *     L   L *Ž . Ž . Ž . Ž .Ž .ž /1
GG1F F 1 	 *     Ext L  , L Ž . Ž . Ž . Ž .Ž .ž /G1
GŽ .11 	 *     Ext L  , L Ž . Ž . Ž . Ž .Ž .ž /G1
Ž .11Hom   ,   Ext L  , L Ž . Ž . Ž . Ž .Ž .Ž .G Gž /1
as required.
Ž . Ž . 	 Ž .LEMMA 4.3. Let a 1, b	 1 , a, b 1 
 X and r, s 
 X . Then1
F F1Ext  a 1, b	 1  L r , s , a, b 1  L r , sŽ . Ž . Ž . Ž .Ž .G
0 if b1 mod pŽ .
 ½ k if b1 mod p .Ž .
Proof. Lemma 4.2 gives us
F F1Ext  a 1, b	 1  L r , s , a, b 1  L r , sŽ . Ž . Ž . Ž .Ž .G
 Ext1  a 1, b	 1 , a, b 1 .Ž . Ž .Ž .
Ž . Ž .Now a 1, b	 1 and a, b 1 differ by a single root so we may apply
 Ž . Ž .the result of 12, 4.3 and 3.6 and we are done.
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Similarly we have:
Ž . Ž . 	 Ž .LEMMA 4.4. Let a	 1, b 1 , a 1, b 
 X and r, s 
 X . Then1
F F1Ext  a	 1, b 1  L r , s , a 1, b  L r , sŽ . Ž . Ž . Ž .Ž .G
0 if a1 mod pŽ .
 ½ k if a1 mod p .Ž .
We also have:
LEMMA 4.5. Suppose  , 
 X with   , and  and  in the same1
alcoe. Then for all , 
 X	 we hae
F F1Ext    L  ,   L   0.Ž . Ž . Ž . Ž .Ž .
Proof. By Proposition 4.1 we have
Ext1 L  , L   0Ž . Ž .Ž .G1
and the result follows by Lemma 4.2.
In the main theorem in this section we use repeatedly the fact that the
Ž .modules   have both simple socle and simple head for  dominant.
Ž .Jantzen proved that   has simple head for SL when p 3. The3
following four lemmas extend this result to p 2 and 3. In these lemmas
Ž . 1, 1 , which is half the sum of all positive roots for the Weyl group, w0
Ž .is the longest word in the Weyl group, and St L p 1, p 1 is the
Ž .Steinberg module. We also have a G-module Q  which when consid-1
Ž .ered as a u -T-module is the injective hull of L  for 
 X ,1 1
	 Ž . Ž .LEMMA 4.6. For all  and 
 X the module      has a good
Ž .filtration. Moreoer the   which appear as quotients in this filtration are
gien by Brauer’s character formula.
Ž . Ž .Proof. A proof of the property that      has a good filtration,
   for type A , is given in 22 . It is proved for most other cases in 7 . Then
 general proof is given in 20 . For a version of Brauer’s character formula
 see 17, II, Lemma 5.8 .
COROLLARY 4.7. St is a direct summand of St St.
Ž . Ž .Proof. All the quotients      ,  which appear in a good1 2
Ž .filtration of St St have 0   2 p 2. Also 0, 0 is a weight in St.i
Ž .Hence using Brauer’s character formula, St  p 1, p 1 appears as
a quotient in a good filtration of St St, but all other weights that appear
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Ž . Ž Žare not linked to p 1, p 1 . The first such possible weight is 2 p 1,
. .2 p 1 . Thus St is a direct summand of St St as required.
	 Ž .F Ž Ž ..LEMMA 4.8. If 
 X and 
 X then 	  Q p	 w 	 1 1 0
has a Weyl filtration.
  Proof. This is proved for p 3 in 16, Theorem 5.6 . Now 24, Lemma
 Ž Ž ..3.1.3 shows for p 2 and 3 that Q p	 w 	  is a G-direct1 0
Ž . Ž .F Ž Ž ..summand of L   St. Hence 	  Q p	 w 	  is a direct1 0
Ž .F Ž .summand of 	   L   St which in turn is a direct summand of
Ž .F Ž .	   L   St St. But this last module has a Weyl filtration. First
Ž .F Ž Ž .. Ž .	   St 	 p	 p 1, p 1 , also L   St has a Weyl filtra-
  Ž .F Ž .tion by 24, Lemma 3.1.2 . Hence 	   L   St St has a Weyl
filtration and we are done.
	 Ž Ž .COROLLARY 4.9. Suppose 
 X and 
 X . Then 	 p 	  1
. Ž .F Ž Ž ..	  embeds in 	  Q p	 w 	  .1 0
Proof. This follows using characters as in the proof of 16, Corollary
5.7 .
LEMMA 4.10. For all 
 X	 and 
 X we hae1
Fsoc 	 p 	  	    soc 	   L p	 w 	  .Ž . Ž . Ž .Ž . Ž . Ž .G G 0
 Proof. This follows as in Jantzen 16, Theorem 6.2 using Corollary 4.9
to remove the restriction on p.
	 Ž .PROPOSITION 4.11. For all 
 X the module 	  has simple socle.
Proof. We can use Lemma 4.10 to remove the restriction on p in the
 argument of Jantzen in 16, 6.9 . The result then follows.
Ž .We will now give explicitly the good p-filtrations of   . Further
Ž . information about these filtrations for p 3 appears in 19, Chap. 2,
Lemma 2 and following . In the following diagrams the sections of a
Ž .filtration of   are written as modules with lines connecting them.
Sections that have a non-trivial extension between them that appear in
Ž .  are joined by a line. Sections that only have trivial extensions
appearing between them are not joined by a line. Sections that embed in
Ž .  are at the bottom of the diagram. The sections that occur above it are
above these sections, and so on. In what follows if  is not dominant but1
Ž .one of its parts is 1 then we take   to be the zero module. In otherp
words, it does not appear as a section in a filtration.
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Ž .THEOREM 4.12. Each   has a good p-filtration. This filtration takes
the following form:
Ž . Ž . Ž . Ž . 	i Suppose  p a, b 	 p 1, p 1 with a, b 
 X . Then
F
    a, b  L p 1, p 1 .Ž . Ž . Ž .
Ž . Ž . Ž . Ž . 	 Žii Suppose  p a, b 	 p 1, r with a, b 
 X and p
. Ž .1, r 
 X . If we set s p r 2 then for a1 mod p , the module1
Ž .  has filtration
F
 a, b 1  L s, p 1Ž . Ž .

F
 a	 1, b 1  L r , sŽ . Ž .

F
 a 1, b  L r , sŽ . Ž .

F
 a, b  L p 1, rŽ . Ž .
Ž . Ž .while for a1 mod p ,   has filtration
F
 a, b 1  L s, p 1Ž . Ž .
FF
 a 1, b  L r , s a	 1, b 1  L r , s Ž . Ž .Ž . Ž .
F
 a, b  L p 1, r .Ž . Ž .
Ž . Ž . Ž . Ž . 	iii Suppose   p a, b 	 s, p  1 with a, b 
 X and
Ž . Ž .s, p 1 
 X . If we set r p s 2 then for b1 mod p , the1
Ž .module   has filtration
F
 a 1, b  L p 1, rŽ . Ž .

F
 a 1, b	 1  L r , sŽ . Ž .

F
 a, b 1  L r , sŽ . Ž .

F
 a, b  L s, p 1Ž . Ž .
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Ž . Ž .while for b 1 mod p ,   has filtration
F
 a 1, b  L p 1, rŽ . Ž .
FF
 a, b 1  L r , s a 1, b	 1  L r , s Ž . Ž .Ž . Ž .
F
 a, b  L s, p 1 .Ž . Ž .
Ž . Ž . Ž . Ž . 	 Ž .iv Suppose  p a, b 	 r, s with a, b 
 X , r, s 
 X and1
Ž .r	 s p 2. Then the module   has filtration
F
 a 1, b 1  L r , sŽ . Ž .
FF
 a 1, b  L s, p 1 a, b 1  L p 1, r Ž . Ž .Ž . Ž .
F
 a, b  L r , s .Ž . Ž .
Ž . Ž . Ž . Ž . 	 Ž .v Suppose  p a, 0 	 r, s with a, 0 
 X , a 1 and r, s
Ž .
 A . Then the module   has filtration0
F
 a 2, 0  L s, p r s 3Ž . Ž .

F
 a 1, 0  L p r 2, r	 s	 1Ž . Ž .

F
 a, 0  L r , s .Ž . Ž .
Ž . Ž . Ž . Ž . 	 Ž .vi Suppose  p 0, b 	 r, s with 0, b 
 X , b 1 and r, s
Ž .
 A . Then the module   has filtration0
F
 0, b 2  L p r s 3, rŽ . Ž .

F
 0, b 1  L r	 s	 1, p s 2Ž . Ž .

F
 0, b  L r , s .Ž . Ž .
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These weights are depicted in Fig. 1a, where the number corresponds to the
Ž . Ž .subscript of . Then for a and b 0 mod p ,   has filtration
Ž . Ž . Ž . Ž . 	vii Suppose  p a, b 	 r, s with a, b 
 X , a and b 1,
Ž .and r, s 
 A . We let0
  ,   pa	 r	 s	 1, pb s 2 ,Ž .1 2
  pa	 p r s 3, pb 2 p	 r ,Ž .3
  pa r 2, pb	 r	 s	 1 ,Ž .4
  pa 2 p	 s, pb	 p r s 3 ,Ž .5
  pa	 s, pb r s 3 ,Ž .6
  pa p	 r , pb p	 s ,   pa r s 3, pb	 r ,Ž . Ž .7 8
  pa s 2, pb r 2 .Ž .9
Ž . Ž . Ž .For a 0 mod p there is no extension of   by   . For b 0p 5 p 6
Ž . Ž . Ž .mod p there is no extension of   by   . So for a and b 0p 3 p 8
Ž . Ž .FIG. 1. Diagram showing weights for  inside a a lower alcove and b an upper alcove.
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Ž .mod p we hae
and similarly for the other cases for a and b.
Ž . Ž . Ž . Ž .viii Suppose  p a, b 	 p s 2, p r 2 with a, b 

	 Ž .X , and r, s 
 A . We let0
  pa p	 s, pb	 2 p r s 3 ,Ž .1
  pa r 2, pb	 r	 s	 1 ,Ž .2
  pa p	 r , pb p	 s ,   ,Ž .3 4
  pa r s 3, pb	 r ,Ž .5
  pa	 2 p r s 3, pb p	 r ,Ž .6
  pa	 s, pb r s 3 ,   pa	 r , pb	 sŽ . Ž .7 8
  pa	 r	 s	 1, pb s 2 .Ž .9
Ž . Ž .These weights are depicted in Fig. 1b. Then for a and b1 mod p ,  
has filtration
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Ž . Ž . Ž .For a1 mod p there is no extension of   by   . Forp 5 p 6
Ž . Ž . Ž .b1 mod p there is no extension of   by   . So for a andp 7 p 1
Ž .b1 mod p we hae
and similarly for the other cases for a and b.
ˇ  Ž .Proof. In 15 , the structures of certain u -B-modules Z  are calcu-1
lated. We invert these structures to get the corresponding structure dia-
ˆ G1BŽ . Ž .  grams for the G B-modules Z   Ind k as defined in 17, II, 9.1 .1 1 B 
 We will apply 17, II, Proposition 9.11 to these diagrams to produce a
Ž .  good p-filtration of   . By the remarks of Jantzen 16, 3.13 such
Ž .filtrations exist for all   with  dominant and can be obtained in this
way.
Ž .In all these filtrations there can only be one   occurring as ap
Ž . Ž .submodule of   , namely   , as these both have the same simplep
Ž . Ž . Ž .G-socle L  . Any module   appearing above   must have anp p
Ž .extension with   and this extension has simple socle. There also can bep
Ž . Ž . Ž .only one   which occurs at the top of   , as   has simple G-headp
Ž .by Proposition 4.11. This module   then must have an extension withp
Ž .all   appearing below it and this extension must have simple head.p
Ž . Ž .Case i . This is clear as L p 1, p 1 is the Steinberg module.
Ž . Ž Ž .. Case iii and dually Case ii . By inverting the diagram in 15,
Theorem 5.2 and using the translation principle we have the G B compo-1
ˆŽ .  sition series for Z  , which by applying 17, II, Proposition 9.11 gives us1
Ž .the p-filtration of   as in the statement of the lemma above for
Ž .b1 mod p . Lemma 4.3 gives us the required filtrations when b
Ž .1 mod p .
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We now show that the structure obtained so far does not refine further
Ž .for b1 mod p . Consider
F F1Ext  a 1, b	 1  L r , s , a, b  L s, p 1Ž . Ž . Ž . Ž .Ž .
Hom  a 1, b	 1 , a, b   1, 0Ž . Ž . Ž .Ž .G
Hom  a 1, b	 1   0, 1 , a, bŽ . Ž . Ž .Ž .G
 k ,
where the first isomorphism follows by Lemma 4.2 and Proposition 4.1.
Ž . Ž .The last isomorphism follows as  a 1, b	 1   0, 1 has good filtra-
tion

 a 1, b	 2Ž .

 a, bŽ .

 a 2, b	 1Ž .

Ž . Ž .by Lemma 4.6 and a, b and a 1, b	 2 are not linked for b
Ž . Ž .1 mod p . Let E be the unique non-split extension represented by the
Ext group above. We show that E does not have simple G-socle and so
Ž .does not appear in  pa	 s, pb	 p 1 . From the long exact sequence
associated to the short exact sequence for E we have
F0Hom L r , s , E Hom L r , s , a 1, b	 1  L r , sŽ . Ž . Ž . Ž .Ž . Ž .G G1 1
F1 1 Ext L r , s , a, b  L s, p 1  Ext L r , s , E  0.Ž . Ž . Ž . Ž .Ž .Ž .G G1 1
As
F1Ext L r , s , a 1, b	 1  L r , sŽ . Ž . Ž .Ž .G1
F 1  a 1, b	 1  Ext L r , s , L r , s  0Ž . Ž . Ž .Ž .G1
by Lemma 4.2 and Proposition 4.1, and
FHom L r , s , a, b  L s, p 1  0.Ž . Ž . Ž .Ž .G1
We also have
F1Ext L r , s , a, b  L s, p 1Ž . Ž . Ž .Ž .G1
F F F  a, b  Ext L r , s , L s, p 1   a, b   1, 0Ž . Ž . Ž . Ž . Ž .Ž .G1
by Proposition 4.1.
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Hence we have an exact sequence
F0Hom L r , s , E   a 1, b	 1Ž . Ž .Ž .G1
 F F 1 a, b   1, 0  Ext L r , s , E  0.Ž . Ž . Ž .Ž .G1
Ž Ž . .If  is injective then Hom L r, s , E  0. We claim that this is not theG1
case.
Now
F F F
 injective  a 1, b	 1 embeds in  a, b   1, 0Ž . Ž . Ž .
  a 1, b	 1 embeds in  a, b   1, 0Ž . Ž . Ž .
Ž . Ž . Ž .but  a 1, b	 1 cannot embed in  a, b   1, 0 as
kHom  a 1, b	 1 , a, b 1Ž . Ž .Ž .G
Hom  a 1, b	 1 , a, b   1, 0Ž . Ž . Ž .Ž .G
Hom  a 1, b	 1   0, 1 , a, b  k ,Ž . Ž . Ž .Ž .G
Ž . Ž .where the first isomorphism follows as a 1, b	 1 and a, b 1 differ
 by a single reflection 17, II, Corollary 6.24 and the last Hom group we
calculated above. However, homomorphisms in the first Hom group are
clearly not 11. Hence  cannot be injective. Thus we have
Ž Ž . .Hom L r, s , E  0.G1  Ž .Now using 16, 2.2 1
soc E  soc Hom L s, p 1 , E  L s, p 1Ž . Ž . Ž .Ž .Ž .G G G1
 soc Hom L r , s , E  L r , sŽ . Ž .Ž .Ž .G G1
F soc  a, b  L s, p 1Ž . Ž .Ž .G
 soc Hom L r , s , E  L r , s .Ž . Ž .Ž .Ž .G G1
Both terms are non-zero. Hence E does not have simple G-socle.
Ž . Ž . Ž . Ž .Case iv . We write  p a, b 	 r, s with r	 s p 2, and a, b
	  
 X . By inverting the diagram in 15, Theorem 3.3 and using the
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ˆŽ .translation principle we see that Z  has G T composition series:1 1
Lˆ p a 1, b 1 	 r , sŽ . Ž .Ž .1
ˆˆ L p a 1, b 	 s, p 1L p a, b 1 	 p 1, r Ž . Ž .Ž . Ž . Ž .Ž . 11
Lˆ p a, b 	 r , s .Ž . Ž .Ž .1
So we need to show that
F F1Ext  a, b 1  L p 1, r , a 1, b  L s, p 1Ž . Ž . Ž . Ž .Ž .
F F1 Ext  a 1, b  L s, p 1 , a, b 1  L p 1, rŽ . Ž . Ž . Ž .Ž .
 0.
1 Ž Ž . Ž .. 1 Ž Ž . Ž ..But Ext L s, p 1 , L p 1, r  Ext L p 1, r , L s, p 1  0G G1 1
by Proposition 4.1, and so by Lemma 4.2 we are done.
Ž . Ž Ž ..Case v and dually Case vi . We know that this filtration is correct
   on the level of characters using 16, Theorem 3.1 and the results of 15 .
Ž . Ž . 1 Ž ŽWe also know that   embeds in   . Further, for p 3, Ext L s, pp G1
. Ž .. r s 3 , L r, s  0 by Proposition 4.1 so by Lemma 4.2 we have
F F1Ext  a 2, 0  L s, p r s 3 , a, 0  L r , s  0.Ž . Ž . Ž . Ž .Ž .G
Ž . Ž . Ž .For p 3, s, p r s 3  r, s  0, 0 and we then have
F F1Ext  a 2, 0  L s, p r s 3 , a, 0  L r , sŽ . Ž . Ž . Ž .Ž .G
 Ext1  a 2, 0 , a, 0  0Ž . Ž .Ž .G
Ž . Ž .using Lemma 4.2 and observing that a 2, 0 is not comparable to a, 0
in the usual ordering of G-weights. Hence we get the filtration as in the
statement of the proposition.
Ž .  Case viii . By inverting the diagram in 15, Theorem 5.3 we get the
ˆŽ . Ž . Ž .G B structure of Z  with  p s 2, p r 2 	 p a, b and1 1
Ž .  r, s 
 A . So applying 17, II, Proposition 9.11 we get a filtration as0
Ž .stated for the case a and b1 mod p .
Ž .If p 3, then by Lemma 4.5 none of the   which appear abovep i
Ž . Ž . Ž .  can have non-split extensions by   . Also   does not have anp p 3 p
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Ž . Ž .extension by   nor by   . Now consider p 3. We writep 2 p 9
  p 	  . For i 1, 5, 6, 7, and 8 Lemma 4.2 gives usi i1 i0
Ext1   ,   Ext1   ,   0Ž . Ž . Ž . Ž .Ž .Ž .p 3 p i 31 i1
as none of the  are less than  .i1 31
We now take p 3 again. We need to show that the filtration simplifies
Ž . Ž . Ž .for a or b 1 mod p , and that it doesn’t simplify for a or b 
Ž .1 mod p .
Lemmas 4.3 and 4.4 give us the filtration as stated in the theorem, part
Ž . Ž . Ž .viii when a or b 1 mod p .
Ž . Ž .Now the same argument as for case iii with p 5 shows that both
the non-split extensions E and E defined via1 2
0    E     0Ž . Ž .p 1 p 1
0    E     0Ž . Ž .p 2 p 6
do not have simple socle and so the filtration does not refine any further
Ž . Ž . Ž .for a or b 1 mod p . If p 3 then the argument used in case iii
still carries through, as when we remove the Frobenius twist then block
considerations also allow us to remove the other direct summands.
ˇŽ . Ž .Case vii . We get the u -B-filtration of Z  by taking its dual and1
 then applying 15, Theorem 5.3 . We then invert this structure to get the
ˆŽ .  G B structure of Z  . Then applying 17, II, Proposition 9.11 gives us1 1
Ž .the corresponding filtration of   . The same argument as before shows
Ž . Ž .that there is no non-split extension of   by   for i 3, 5, 6, 7,p p i
Ž . Ž .and 8, and also that there is no non-split extension of   by   forp i p 9
Ž . Ž . Ž . Ž .i 2 and 4. The extensions of   by   and of   by  p 5 p 6 p 3 p 8
Ž . Ž .are split as in Case vii for a or b 0 mod p using Lemmas 4.3 and 4.4.
Ž . Ž Ž . .Now suppose a 0 mod p . The case with b 0 mod p is similar.
Consider the extension E defined via the short exact sequence
0    E    0.Ž . Ž .p 5 p 9
Such a non-split extension E exists and is unique, since,
Ext1   ,  Hom  a 1, b 1 , a 2, b   0, 1Ž . Ž . Ž . Ž . Ž .Ž .Ž .G p 9 p 5 G
using Lemma 4.2 and Proposition 4.1. But this is isomorphic to k, as the
Ž Ž . Ž . Ž ..costandard modules  a 2, b	 1 , a 1, b 1 and  a 3, b
Ž . Ž .appearing in a good filtration of  a 2, b   0, 1 are not linked for
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Ž .a 0 mod p . We have a long exact sequence:
0Hom   , L s, p r s 3Ž . Ž .Ž .G 91
Hom E, L s, p r s 3Ž .Ž .G1
Hom   , L s, p r s 3Ž . Ž .Ž .G 51
 Ext1   , L s, p r s 3Ž . Ž .Ž .G 91
 Ext1 E, L s, p r s 3Ž .Ž .G1
 Ext1   , L s, p r s 3 .Ž . Ž .Ž .G 51
The first Hom group and the last Ext1 group are both 0. The third Hom
group is known and the first Ext1 group is known using Proposition 4.1.
Ž Ž .FSo we have, for p 5 for p 3 the  0, 1 would be replaced by
Ž .F Ž .F .k  1, 0   0, 1 ,
F0Hom E, L s, p r s 3  	 b , a 2Ž . Ž .Ž .G1
 F F 1	 b 1, a 1   0, 1  Ext E, L s, p r s 3 .Ž . Ž . Ž .Ž .G1
We show that  is not injective. Now
F F F

Hom 	 b , a 2 , 	 b 1, a 1   0, 1Ž . Ž . Ž .Ž .GG1
Hom 	 b , a 2 , 	 b 1, a 1  	 0, 1Ž . Ž . Ž .Ž .G
Hom  a 1, b 1 , a 2, b   0, 1  k .Ž . Ž . Ž .Ž .G
Also,
F F F
 injective 	 b , a 2 embeds in 	 b 1, a 1  	 0, 1Ž . Ž . Ž .
 	 b , a 2 embeds in 	 b 1, a 1  	 0, 1Ž . Ž . Ž .
  a 2, b is a quotient of  a 1, b 1   1, 0 .Ž . Ž . Ž .
Ž . Ž . Ž .However,  a 2, b cannot be a quotient of  a 1, b 1   1, 0 as
kHom  a, b 1 , a 2, bŽ . Ž .Ž .G
Hom  a 1, b 1   1, 0 , a 2, bŽ . Ž . Ž .Ž .G
Hom  a 1, b 1 , a 2, b   0, 1  k ,Ž . Ž . Ž .Ž .G
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Ž . Ž .where the first isomorphism follows as a, b 1 and a 2, b differ by a
 single reflection 17, II, Corollary 6.24 . But homomorphisms in the first
Hom group are clearly not onto. Hence  cannot be injective and so we
Ž Ž ..have that Hom E, L s, p r s 3 is non-zero. By a similar argu-G1
Žment to that before using the head functor hd, in place of the socle
.functor soc , we have that E does not have simple G-head and so it does
Ž .not appear in   which has simple head using Lemma 4.10. The
argument for p 3 is essentially the same. As soon as we remove the
ŽF .Frobenius twists from the modules then block considerations allow us
to remove the extra summands that appear.
5. GOOD FILTRATION DIMENSIONS AND GLOBAL
DIMENSIONS FOR SL3
Ž .In this section we calculate the good filtration dimension of   .p
There are two cases to consider, one where  is on a wall and the other
where  is inside an alcove. We consider this latter case first.
Ž . Ž . Ž . Ž . 	LEMMA 5.1. Let  p a, b 	 r, s with r, s 
 A , a, b 
 X , and0
Ž .b 1. We take M to be the submodule of   with p-filtration labelled by
Ž . Ž through to  in the diagram of Theorem 4.12 part vii . If b 1 we take1 3
Ž . . a, b 2  0. Then M has good resolution
0M        


     0,Ž . Ž . Ž . 0 1 a
Ž . Ž . Ž .where   p a 2 i, b	 i 	 r, s and   p a 2 i 1, b	 i 	2 i 2 i	1
aŽ .  p r 2, r	 s	 1 for 0 i .2
Ž . Ž . ŽSimilarly, let  p a, b 	 p r 2, r	 s	 1 with p r 2, r	
. Ž . 	s	 1 in the upper alcoe of X and a, b 
 X . We take M to be the1 
Ž .submodule of   with p-filtration labelled by  through to  in the4 9
Ž .diagram of Theorem 4.12 part viii . Then M has good resolution
0M        


     0,Ž . Ž . Ž . 0 1 a
Ž . Ž .where   p a 2 i, b	 i 	 p r 2, r	 s	 1 and  2 i 2 i	1
aŽ . Ž .  p a 2 i 1, b	 i	 1 	 r, s for 0 i .2
Ž .Proof. We proceed by induction on a. If a 0 then M    and
Ž .M    by Theorem 4.12 and we are done. For a 1 it is sufficient to
show the existence of two short exact sequences
0M    M  0Ž . 1
0M    M  0.Ž . 1
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Ž Ž . Ž .. Now Hom   ,   k, as  and  satisfy the conditions in 17, II,1 1
Corollary 6.24 . So we need to show that M is the image of this unique1
Žhomomorphism  as suggested by the labelling of the ’s in Theorem
. Ž .4.12 and that M is contained in the kernel of . Now   has simple 1
Ž . Ž . Ž Ž .socle L  which appears just once right above M in   . All  1  p
Ž . .which occur above   have   . Hence M is the image of  andp 1 1 1
we are done. The second sequence is similar.
Remark. We have identified the images of the maps in the resolution
Ž .  1 of Jantzen 16, 3.12, Remark 2 .
Ž .COROLLARY 5.2. For M and M as defined aboe we hae gfd M   
Ž . 	gfd M  a. Furthermore for 
 X we hae
Ext a 	  , M Hom 	  ,    kŽ . Ž . Ž .Ž . Ž . a a
and
Ext a 	  , M Hom 	  ,    k .Ž . Ž . Ž .Ž .Ž . a a
Proof. The result follows by dimension shifting and by noting that
Ž Ž . Ž .. Ž Ž . Ž ..Hom 	  ,  is zero if Hom 	  ,  is non-zero. The argu-a1 a
ment for M is similar.
Ž . Ž . Ž .Suppose  p a, b 	  and  p 1, p 1 . We define g  as
2 a	 b if  is inside a lower alcoveŽ .g  Ž . 2 a	 b 	 1 if  is inside an upper alcoveŽ .
a	 b if  lies on a wall.
Ž Ž .. Ž .We will eventually show that gfd L   g  .
Ž . Ž . Ž .LEMMA 5.3. If   and 
B  then g   g  .
Ž . Ž . ŽProof. Suppose  c, d   a, b . If we think of  as the S 3,
. Ž . Ž .a	 2b weight a	 b, b, 0 then  can be thought of as the S 3, a	 2b
Ž .weight c	 d	 e, d	 e, e for an appropriate e
. Since   we
Ž . Ž .have c	 d	 e, d	 e, e  a	 b, b, 0 in the dominance ordering on
partitions. But this corresponds to ‘‘falling boxes’’ in the corresponding
Ž .Young diagram. Consequently it is clear that g  cannot be increased by
moving boxes further down the diagram, hence the result.
LEMMA 5.4. Suppose  is primitie and define Q to be the quotient
Ž . Ž . Ž Ž .. Ž .  L  . Then g hw Q  g   1.p
Ž . Ž .Proof. We write  p a, b 	  . We define g   a	 b. By assump-
Ž . Ž . Ž .F Ž .tion  p 1, p 1 . We have L   L a, b  L  by Steinberg’s
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F Ž .tensor product theorem and so Q R  L  where R is the quotient
Ž . Ž . Ž . Ž . a, b L a, b . If we write a, b  p a, b 	   with   p-restricted,
then it is clear using Theorem 4.12 and induction that
p hw  a, b L a, b 	   if   p 1, p 1Ž . Ž . Ž .Ž .
p a	 1, b 1 	 r , p r 2 if   p 1, rŽ . Ž . Ž .
p a 1, b 1 	 p s 2, s if   s, p 1Ž . Ž . Ž .
p a, b 1 	 p 1, r , if   r , s Ž . Ž . Ž .
p a 1, b 	 s, p 1 with r	 s p 24Ž . Ž .hw R Ž .
p a, b 1 	 r	 s	 1, p s 2 , if   r , s 
 A Ž . Ž . Ž . 0
p a 1, b 	 p r 2, r	 s	 1 4Ž . Ž .
p a, b 	 r , s , if   p s 2, p r 2 Ž . Ž . Ž .
p a 1, b	 1 	 s, p r s 3 , inside an upper alcove.Ž . Ž .p a	 1, b 1 	 p r s 3, r 4Ž . Ž .
Ž . Ž Ž ..Since hw Q  p hw R 	  we have
2g p hw  a, b L a, b if   p 1, p 1Ž . Ž . Ž .Ž .Ž .
	2 p 2
p a	 b 	 p 2 if   p 1, rŽ . Ž .
or   s, p 1Ž .
p a	 b 	 r 1, if   r , s Ž . Ž . p a	 b 	 s 1 with r	 s p 24Ž .g hw Q Ž .Ž .
p a	 b 	 r 1, if   r , s 
 A Ž . Ž . 0
p a	 b 	 s 14Ž .
p a	 b 	 r	 s, if   p s 2, p r 2 Ž . Ž .
p a	 b 	 p r 3, inside an upper alcove.Ž . p a	 b 	 p s 34Ž .
Ž . Ž . Ž .Now if   c, d then g   p a	 b 	 c	 d and so we have
2g p hw R 	 2 p 2 if   p 1, p 1Ž . Ž .Ž .
g   r	 1 if   p 1, rŽ . Ž . Ž .
g   s	 1 if   s, p 1Ž . Ž . Ž .
g   s	 1 , if   r , s Ž . Ž . Ž .
g   r	 1 with r	 s p 24Ž . Ž .g hw Q Ž .Ž .
g   s	 1 , if   r , s 
 A Ž . Ž . Ž . 0
g   r 1 4Ž . Ž .
g   2 p r s 2 , if   p s 2, p r 2 Ž . Ž . Ž .
g   p s 1 , inside an upper alcove,Ž . Ž . g   p r 1 4Ž . Ž .
ALISON E. PARKER368
Ž . Ž . Ž . Ž .where R  a, b L a, b . We write a, b  p a, b 	  . Now
Ž Ž .. Ž . Ž Ž ..g hw R  a 	 b. So if   p 1, p 1 we have g hw Q 
2Ž . Ž . Ž .p a 	 b 	 2 p 2 p a	 b 	 2 p 2 g  provided    0. If
2Ž . Ž Ž .. Ž   0 then g R  a 	 b  1 and so we have g hw Q  p a 	
. 2 Ž . Ž .b  p 	 2 p 2 p a	 b 	 2 p 2 g  . Thus the result fol-
Ž .lows for   p 1, p 1 . Since 0 r, s p 2 and r	 s p 2
inside an alcove the result follows for all other  .
Ž Ž .. Ž .The next theorem shows that gfd L   g  for  inside an alcove.
The following lemma forms part of the inductive step.
	 Ž . Ž Ž .. ŽŽ Ž ..LEMMA 5.5. Let 
 X and suppose g   gfd L   gfd  p
Ž . Ž Ž .. Ž . Ž Ž ..for all   with 
B  and gfd    g  . Then gfd L  p
Ž Ž ..gfd   .p
Proof. We have a short exact sequence
0 L     Q 0.Ž . Ž .p
Ž Ž .. Ž .Lemma 5.4 gives us gfd    gfd Q , since all the composition factorsp
of Q have weights with smaller good filtration dimension, and the result
Ž .follows by Lemma 2.5 part i .
Ž .THEOREM 5.6. Let  r, s be a weight inside the fundamental alcoe
Ž .and  p s 2, p r 2 its reflection in the upper alcoe. Then we
hae
Fgfd L p a, b 	   gfd  a, b  L   2 a	 bŽ . Ž . Ž . Ž .Ž .Ž . Ž .
and
Fgfd L p a, b 	   gfd  a, b  L   2 a	 b 	 1.Ž . Ž . Ž . Ž .Ž .Ž . Ž .
Moreoer
F F4Ža	b.Ext 	 a, b  L  , a, b  L   0Ž . Ž . Ž . Ž .Ž .
and
F F4Ža	b.	2Ext 	 a, b  L  , a, b  L   0.Ž . Ž . Ž . Ž .Ž .
Proof. We proceed by induction on a	 b. For a	 b 0 we have
Ž . Ž . Ž .L      	  and
gfd L   gfd    0.Ž . Ž .Ž . Ž .
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Ž .Also we have a non-split short exact sequence for L  , namely
0 L      L   0.Ž . Ž . Ž .
2Ž Ž .. Ž Ž . Ž ..Hence we have gfd L   1 and Ext L  , L   0 by Lemma 2.6.
Ž .Now suppose a	 b 1. Let  p a, b 	  and M be as in Lemma
Ž Ž .. Ž .5.1. We first show gfd    g  .p
Ž .Case i . Suppose b 2. We have a short exact sequence
F0  a, b  L r , s M Q 0, 3Ž . Ž . Ž .
Ž .where Q is the unique extension
F0  a, b 1  L r	 s	 1, p s 2 QŽ . Ž .
F  a, b 2  L p r s 3, r  0. 4Ž . Ž . Ž .
Ž Ž .F Ž ..By induction we have gfd  a, b 1  L r	 s	 1, p s 2 
Ž . Ž Ž .F Ž .. Ž .2 a	 b  1 and gfd  a, b 2  L p r s 3, r  2 a	 b
Ž . Ž .4. Thus we have gfd Q  2 a	 b  1 by Lemma 2.5. We also have
Ž . Ž . Ž Ž .. Ž .gfd Q  gfd M  a by Corollary 5.2, so we have gfd    2 a	 b
by Lemma 2.5, as required. Lemma 2.5 also gives us
Ext4Ž a	b. 	  , Ž . Ž .Ž .p p
 Ext4Ž a	b.1 	  ,QŽ .Ž .p
F4Ža	b.1 Ext 	  , a, b 1  L r	 s	 1, p s 2Ž . Ž . Ž .ž /p
F4Ža	b.2 Ext Q, a, b 1  L r	 s	 1, p s 2Ž . Ž .Ž .
F4Ža	b.2 Ext 	 a, b 1  L r	 s	 1, p s 2 ,Ž . Ž .Ž
F
 a, b 1  L r	 s	 1, p s 2 ,Ž . Ž . .
Ž .where the first isomorphism follows using sequence 3 , the second from
Ž . Ž . Ž .4 , the third from the dual of 3 , and the fourth from the dual of 4 . This
last Ext group is non-zero by induction.
Ž .Case ii . Suppose b 1. The argument above simplifies as Q
Ž .F Ž . Ž . a, 0  L r	 s	 1, p s 2 and so by induction we have gfd Q 
Ž . Ž . Ž Ž .. Ž .2 a	 1  1 gfd M  a. Hence gfd    2 a	 1 and p
Ext4Ž a	1. 	  ,   0Ž . Ž .Ž .p p
as required.
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Ž .Case iii . Suppose b 0. We have a short exact sequence
F0  a, 0  L r , s    Q 0,Ž . Ž . Ž .
Ž .where Q is the unique extension
F0  a 1, 0  L p r 2, r	 s	 1 QŽ . Ž .
F  a 2, 0  L s, p r s 3  0.Ž . Ž .
Ž Ž .F Ž ..By induction we have gfd  a 1, 0  L r	 s	 1, p s 2 
Ž Ž .F Ž ..2a 1 and gfd  a 2, 0  L s, p r s 3  2a 4. A similar
Ž .argument to Case i yields the required result.
Ž .Now let  p a, b 	  and M be as in Lemma 5.1. We have a short
exact sequence
0   M Q 0.Ž .p 
Ž Ž .. Ž . Ž . Ž .Thus gfd    gfd Q 	 1 provided gfd Q  gfd M  a. We havep 
Ž . Ž . Ž Ž .. Ž .that gfd Q  2 a	 b by induction, so gfd    2 a	 b 	 1. Wep
need to show that both these bounds are attained.
Suppose b 1. Define R via the short exact sequence
F0 RQ  a, b 1  L r	 s	 1, p s 2  0.Ž . Ž .
Ž .Here using the notation of Theorem 4.12 it is clear by induction and
using the p-filtration of R that for M a G-module we have
ExtwfdŽM .	2Ža	b. M , RŽ .
 ExtwfdŽM .	2Ža	b. M ,   ExtwfdŽM .	2Ža	b. M , Ž . Ž .Ž . Ž .p 6 p 8
Ž .since the other   that appear in R have good filtration dimensionp i
Ž .equal to 2 a	 b  2 and so cannot contribute to this Ext group. We have
Ž .a direct sum since there is no extension appearing between   andp 6
Ž .  .p 8
The long exact sequence gives us
FwfdŽM .	2Ža	b.1Ext M , a, b 1  L r	 s	 1, p s 2Ž . Ž .Ž .
 ExtwfdŽM .	2Ža	b. M , R  ExtwfdŽM .	2Ža	b. M ,Q  0.Ž . Ž .
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But the middle Ext group is as above. Also
FwfdŽM .	2Ža	b.1Ext M , a, b 1  L r	 s	 1, p s 2Ž . Ž .Ž .
FwfdŽM .	2Ža	b. Ext M , a, b  L r , sŽ . Ž .Ž . /
using the case above. Thus we have
FwfdŽM .	2Ža	b.Ext M , a, b  L r , sŽ . Ž .Ž .
FwfdŽM .	2Ža	b. Ext M , a, b  L r , sŽ . Ž .Ž .
FwfdŽM .	2Ža	b. Ext M , a	 1, b 1  L p r s 3, rŽ . Ž .Ž .
 ExtwfdŽM .	2Ža	b. M ,Q  0.Ž .
wfdŽM .	2Ža	b.Ž . wfdŽM .	2Ža	b.ŽHence Ext M,Q will be non-zero if Ext M,
Ž .F Ž .. a	 1, b 1  L p r s 3, r is non-zero.
Ž Ž .F Ž ..We know by induction that gfd  a	 1, b 1  L p r s 3, r
Ž . Ž . Ž . Ž . Ž Ž . . 2 a	 b and gfd Q  2 a	 b . If we take M
 F 	 so wfd M  0
2Ž a	b.Ž .with the last Ext group being non-zero then we have that Ext M,Q
Ž . Ž .is non-zero and so gfd Q  2 a	 b .
Now
Ext4Ž a	b.	2 	  ,   Ext4Ž a	b. Q,QŽ . Ž . Ž .Ž .p p
Ž . Ž . Ž .as gfd M  a 2 a	 b  1 for b 1. We let  p a	 1, b 1 	
Ž .p r s 3, r . We also have
Ext4Ž a	b. Q,   Ext4Ž a	b. 	  ,Q .Ž . Ž .Ž . Ž .p p
4Ž a	b.Ž Ž . Ž ..Now Ext 	  ,   0 by induction. Hencep p
Ext4Ž a	b. 	  ,Q  Ext4Ž a	b. Q,   0Ž . Ž .Ž . Ž .p p
4Ž a	b.Ž .and so Ext Q,Q is non-zero, using MQ in the sequence above.
Ž Ž .. Ž . Ž .This implies that gfd    gfd Q 	 1  2 a 	 b 	 1 andp
4Ž a	b.	2Ž Ž . Ž ..Ext 	  ,  is non-zero as required.p p
If b 0 then
F FQ  a 1, 0  L p r s 3, r   a, 0  L r , s .Ž . Ž . Ž . Ž .Ž . Ž .
Ž . Ž Ž ..Hence gfd Q  2a by induction and gfd    2a	 1. Alsop
Ext4 a	2 	  ,   Ext4 a Q,QŽ . Ž . Ž .Ž .p p
F F4 a Ext 	 a, 0  L r , s , a, 0  L r , sŽ . Ž . Ž . Ž .Ž .
which is non-zero by induction.
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In all cases for both  and  as defined above we have by Lemma 5.5
Ž Ž .. Ž Ž .. Ž Ž .. Ž Ž ..that gfd L   gfd   and gfd L   gfd   . This completesp p
the induction.
We now consider the case where  lies on a wall but is not a Steinberg
weight.
Ž . Ž . Ž . 	LEMMA 5.7. Let  p a, b 	 s, p 1 with a, b 
 X and 0
Ž .s p 2. We define M to be the unique up to equialence non-split
extension
F F0  a, b  L s, p 1 M   a, b 1  L r , s  0Ž . Ž . Ž . Ž .
with r	 s p 2. Then M has good resolution
0M        


     0,Ž . Ž . Ž . 0 1 a
Ž . Ž . Žwhere   p a 2 i, b	 i 	 s, p 1 and   p a 2 i 1, b	2 i 2 i	1
a. Ž .  i	 1 	 r, s for i an integer between 0 and .2
Ž . Ž . Ž . 	Similarly, let  p a, b 	 r, s with a, b 
 X and r	 s p 2.
Ž .We define M to be the unique up to equialence non-split extension
F F0  a, b  L r , s M   a, b 1  L p 1, r  0.Ž . Ž . Ž . Ž .
Then M has good resolution
0M        


     0,Ž . Ž . Ž . 0 1 a
Ž . Ž . Ž .where   p a 2 i, b	 i 	 r, s and   p a 2 i 1, b	 i 	2 i 2 i	1
aŽ .  p 1, r for i an integer between 0 and .2
Proof. Similar to that of Lemma 5.1
Ž .COROLLARY 5.8. For M and M as defined aboe we hae gfd M   
Ž . 	gfd M  a. Furthermore for 
 X we hae
Ext a 	  , M Hom 	  ,    kŽ . Ž . Ž .Ž . Ž . a a
and
Ext a 	  , M Hom 	  ,    k .Ž . Ž . Ž .Ž .Ž . a a
Ž Ž .. Ž .The next theorem shows that gfd L   g  for  lying on a wall.
ŽTHEOREM 5.9. Let  be a non-Steinberg weight on a wall. So  is in a
.primitie block. Then we hae
Fgfd L p a, b 	   gfd  a, b  L   a	 b.Ž . Ž . Ž .Ž .Ž . Ž .
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Furthermore
F F2Ža	b.Ext 	 a, b  L  , a, b  L   0.Ž . Ž . Ž . Ž .Ž .
Proof. We proceed by induction on a	 b. For a	 b 0 we have
Ž . Ž . Ž . Ž Ž .. Ž Ž ..L      	  and gfd L   gfd    0.
Ž .For a	 b 1, consider a 1, b 0 the other case being similar .
Ž . Ž . Ž .Case i .  r, s with r	 s p 2. Here we have L p	 r, s 
Ž .F Ž .  1, 0  L r, s . We have a non-split short exact sequence 24, Lemma
Ž .3.2.4 iv
0 L p	 r , s   p	 r , s   s, p 1  0,Ž . Ž . Ž .
Ž Ž .. 2Ž Ž . Ž ..so gfd L p	 r, s  1 and Ext L p	 r, s , L p	 r, s  0 by Lemma
2.6.
Ž . Ž . Ž .Case ii .  p 1, r . This case follows exactly as in Case i .
Ž . Ž . Ž . Ž .F ŽCase iii .  s, p 1 . Here L p	 s, p 1   1, 0  L p
.  Ž .1, r . We have a non-split short exact sequence 24, Lemma 3.2.4 ii and
Ž .vii
0 L p	 s, p 1   p	 s, p 1   r , p	 s  0Ž . Ž . Ž .
Ž Ž .. 2Ž Ž . Ž ..so gfd L p	 s, p 1  1 and Ext L p	 s, p 1 , L p	 s, p 1
 0 by Lemma 2.6.
Ž .Now suppose that a	 b 2. We let  p a, b 	  . We will only
Ž . Ž .consider the case with  r, s or s, p 1 . The other case with 
Ž . Ž .p 1, r is exactly dual to the case of  s, p 1 . We define  by
p a, b 1 	 p 1, r if  r , sŽ . Ž . Ž .
 ½ p a, b 1 	 r , s if  s, p 1 ,Ž . Ž . Ž .
where r	 s equals p 2. We have a short exact sequence
0   M     0 5Ž . Ž . Ž .p  p
with M as defined in Lemma 5.7.
Ž . Ž . Ž .Case i . b 0. Here    0 so   M . Corollary 5.8 givesp p 
Ž Ž ..gfd    a andp
Ext2 a 	  ,  Hom 	  ,   k ,Ž . Ž . Ž . Ž .Ž .Ž .p p a a
where  is defined as in Lemma 5.7 and using the good resolution for Ma 
and its -dual.
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Ž . Ž . Ž Ž ..Case ii . b 1. We know by Case i that gfd    a and Corol-p
Ž . Ž .lary 5.8 give gfd M  a. Hence Lemma 2.5 applied to sequence 5 gives
Ž Ž .. Ž .gfd    a	 1. Using Case i and Corollary 5.8 we have the commu-p
tative diagram
a  a  a	1 Ž Ž . . Ž Ž . Ž .. Ž Ž . Ž ..Ext 	  , M Ext 	  ,  Ext 	  ,  0 p p
a	1  Ž Ž . Ž .. k  k Ext 	  ,  0  pa a1
Ž Ž ..But    and hence we have gfd    a	 1.a a p
2 a	2Ž Ž . Ž ..We now wish to show that Ext 	  ,  is non-zero. We havep p
Ž Ž .. Ž Ž .. Ž .just shown that wfd 	   gfd    a	 1. Also by Case i we havep p
Ž Ž .. Ž Ž ..wfd 	   gfd    a. Hence, using Lemma 2.5, the long exactp p
Ž .sequence from sequence 5 gives us
Ext2 a	1 	  , M  Ext2 a	1 	  , Ž . Ž . Ž .Ž . Ž .p  p p
 Ext2 a	2 	  ,   0. 6Ž . Ž . Ž .Ž .p p
2 a	1Ž Ž . . a	2Ž Ž . .Now Ext 	  , M  Ext 	  , M using the good resolu-p  p a1
tion for M from Lemma 5.7. We have the following short exact sequence
for Ma1
0M        0Ž . Ž . a1 aa1
so the long exact sequence gives us
Ext a	1 	  ,   Ext a	2 	  , M  0Ž . Ž . Ž .Ž . Ž .p a p a1
Ž Ž .. a	1Ž Ž . Ž ..as wfd 	   a	 1. But Ext 	  ,    k 0. Hencep p a  a aa	2Ž Ž . . Ž .Ext 	  , M  0. Sequence 6 then gives usp a1
Ext2 a	2 	  ,   Ext2 a	1 	  , Ž . Ž . Ž . Ž .Ž . Ž .p p p p
 Ext2 a	1 	  ,  .Ž . Ž .Ž .p p
We now need to show that
Ext2 a	1 	  ,   Ext2 a 	  ,  ,Ž . Ž . Ž . Ž .Ž . Ž .p p p p
where the last Ext group is non-zero by induction. But we may repeat the
Ž . Ž .argument above in one less degree using 	  in place of 	  to getp p
the required isomorphism.
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Ž . Ž Ž .. Ž .Case iii . b 2. Here gfd    a	 b 1 gfd M  a sop
Ž Ž ..Lemma 2.5 gives us gfd    a	 b, andp
Ext2Ž a	b. 	  ,   Ext2Ž a	b1. 	  , Ž . Ž . Ž . Ž .Ž . Ž .p p p p
 Ext2Ž a	b.2 	  ,   0Ž . Ž .Ž .p p
by induction.
Lemma 5.5 then completes the proof.
We now consider the case where  is not primitive.
d Ž dCOROLLARY 5.10. Suppose  is a dominant weight and  p  	 p1
d . 	 Ž Ž .. Ž Ž .. 1, p  1 for some d
 and  
 X . Then gfd L   gfd L 1 1
and
Ext2 gfdŽLŽ.. L  , L   0.Ž . Ž .Ž .
Ž . Ž . Proof. Suppose  a, b , and   a , b . We have by 9, Sect. 4,1 1 1
 Ž . Ž .Theorem that B a	 b, b, 0 is Morita equivalent to B a 	 b , b , 0 in1 1 1
Ž .S 2, r with r  a 	 2b . But  is primitive and the result follows by1 1 1 1 1
Theorems 5.6 and 5.9.
Ž . 	Ž . ŽCOROLLARY 5.11. Gien a , a , a 
 3, r , we let a  a , a 1 2 3 1 2 2
. d Ž d d . 	a  p 	 p  1, p  1 with 
 X and d
. We also let3
Ž . Ž .L a , a , a be the irreducible module of highest weight a , a , a for1 2 3 1 2 3
Ž .S 3, r . Then
gfd L a , a , a  g  .Ž . Ž .Ž .1 2 3
Moreoer
Ext2 g Ž. L a , a , a , L a , a , a  0.Ž . Ž .Ž .SŽ3 , r . 1 2 3 1 2 3
Ž .Proof. We let g g  . Now Theorems 5.6 and 5.9 and Corollary 5.10
give us
Ext i 	 b , b , b , L a , a , aŽ . Ž .Ž .SŽ3 , r . 1 2 3 1 2 3
 Ext i 	 b  b , b  b , L a  a , a  a  0Ž . Ž .Ž .G 1 2 2 3 1 2 2 3
Ž Ž ..if i g and so we have gfd L a , a , a  g. We also have1 2 3
Ext2 g L a , a , a , L a , a , aŽ . Ž .Ž .SŽ3 , r . 1 2 3 1 2 3
 Ext2 g L a  a , a  a , L a  a , a  a  0.Ž . Ž .Ž .G 1 2 2 3 1 2 2 3
Ž Ž .. Ž Ž ..Now Lemma 2.2 gives wfd L a , a , a 	 gfd L a , a , a  2 g. But1 2 3 1 2 3
Ž Ž .. Ž Ž .. Ž Ž ..wfd L a , a , a  gfd L a , a , a , and so we have gfd L a , a , a 1 2 3 1 2 3 1 2 3
g, as required.
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Ž .THEOREM 5.12. The global dimension of S 3, r is twice its good filtration
dimension and is gien as
r
for p 2, glob S 3, r  2Ž .Ž .
2
r4 if r 0 mod 3Ž .Ž .3
for p 3, glob S 3, r Ž .Ž . r½ 2 if r 0 mod 3Ž . 3
r
for p 5, glob S 3, r  4 .Ž .Ž .
p
Proof. Using Corollary 5.11, the same argument as in the second
Ž Ž ..paragraph of the proof of Theorem 3.7 gives us glob S 3, r 
Ž Ž ..2 gfd S 3, r .
Ž .For SL , r, 0 is always primitive. Lemmas 5.3 and 2.2 mean we need3
Ž .only consider weights in S 3, r which are maximal in their block in
Ž Ž ..determining gfd S 3, r .
Ž .Case i . p 2. Here all the corresponding SL weights lie on walls.3
	Ž .Also all the irreducible modules corresponding to weights in  3, r have
Ž . Ž Ž ..smaller or equal good filtration dimension to r, 0 , so glob S 3, r 
rŽ Ž ..  2 gfd L r, 0, 0  2 .2
Ž . Ž . Ž .Case ii . p 3. If r 0 mod 3 then r, 0 lies inside a lower alcove
rŽ Ž .. Ž . Ž . Ž .and glob S 3, r  4 . If r 1 or 2 mod 3 then r, 0 lies on a wall. We3
	Ž .claim all the SL weights corresponding to partitions in  3, r lie on a3
	Ž .wall and then all irreducible modules corresponding to weights in  3, r
Ž .will have smaller or equal good filtration dimension. If a, b lies inside an
Ž . Ž . Ž . Ž .alcove then a, b  0, 0 or 2, 2 mod 3 . So in both cases a	 2b
Ž . Ž . 	Ž .0 mod p . For a, b to come from a partition in  3, r we need
Ž . 	Ž .a	 b	 c, b	 c, c 
 3, r for some c
 with a	 2b	 3c r.
Ž . Ž .But we have a	 2b 0 mod 3 so r 0 mod 3 , and this is a contradic-
tion to our assumption on r. Thus all the SL weights corresponding to3
r	Ž . Ž Ž ..  partitions in  3, r lie on a wall and hence glob S 3, r  2 .3
rŽ . Ž . Ž Ž ..  Case iii . p 5. If r, 0 is not on a wall then glob S 3, r  4 . Ifp
Ž . Ž . 	Ž .r, 0 is on a wall then r1 or 2 mod p . But then  3, r contains
Ž . Ž .r 2, 1, 1 and this corresponds to the SL weight r 3, 0 which lies3
r 3 rŽ Ž ..    inside an alcove. Hence glob S 3, r  4  4 .p p
We now consider the quantum case with n 3 and l 2. The cohomo-
logical theory of quantum groups and their q-Schur algebras can be found
  Ž .in 10 . We need the appropriate generalisation of the p-filtration of  
in Theorem 4.12, for which we need the generalisation of Proposition 4.1.
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We expect that this would replace p by l in all cases. Once we have a G B1
ˆŽ .  composition series of Z  then 4, Proposition 5.2 would give us the1
Ž .required l-filtration of   . This would then give a quantum version of
the M ’s used extensively in Section 5 and then all the theorems in this
section would generalise. We expect that the G B composition series of1
ˆŽ .Z  will have the same weights in terms of relative alcoves in the1
classical case. This would then give us the quantum version of Theorem
5.12 with p replaced by l and 5 replaced by 4.
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